


The linear state space model consists of three parts. First, we need to specify how the
state evolves. This is done in equation (22). Second, we need to specify how the states map
into observed variables. This measurement equation is given by (23). Finally, we need to
specify the distribution of the initial state £;;, the forcing variables v;;, and the unobservable

noise in the measurement equation e;.

Sip1 = Fiiy + vien (22)
Yo = ME; +eq (23)

(I)Kzzi,[]
fil - ( 91’1 )

The matrix M has as many rows as there are observable objects. The vector e;; contains

the noise in the measurement equations. The matrix F; is given by
P ¢ (1 KH)) ®K.H/
' 0 P
and the innovation v;;,; to the state vector is defined as:
@thﬁ
Vit+1 = 0
Eit

The (K., K;) matrices were implicitly defined in equations (16) and (18) above.

A.6 The 2nd Moment Matrix of Observables

We can now derive the variance-covariance matrix for the observables y;; and y;,. Without
loss of generality, we can limit ourselves to 7 .
Because e;; contains only measurement error, we can write the second moment matrices

of the observables as follows:

B [pitirnd] = ME M+ Eles,] 24

The M are deterministic and we therefore just have 2 components E [£,,€, |, and F [e; el ]
that need to be determined as functions of the parameters of the model. The matrix E [e;e] ]
is 0 for 7 & t and is directly given from the is variance-covariance matrix of measurement error

within t. We therefore simply need to determine how F [¢;,£! ] is related to the parameters.



Tedious, but straightforward algebra yields

B8] - z{(mv) o0 (HF>}+(HF) ol (T1R) @

where
, OK, (H)PyHy + R,) K9 OK,H|Pyd’
[filfzﬂ = g , (26)
‘I)P()H()KZ(I) (I)PO(I) + R@
and
/ OK; 1R, K’ d 0
E [Ui,jvij} =L B - (27)
’ 0 Ry

We have thus shown how to generate E [y;y,] as functions of the parameters (P, R, o, Ry, Rg, Hy, Ho, @)
and the measurement matrix for any dynamic specification of productivity that follows equa-

tion (14) and any normal learning model that follows equations (15) and (17).

A.7 The Nested Model as a Member of the General Linear State
Space Models

In this Section, we have described how the second moment of observable variables is linked to
the parameters of a general linear learning model. The nested model encountered in Section
3 is a special case of such a linear learning model. We now show in the remainder of the
Section what the nested model implies for the parameter matrices of the learning model:
(P, R. 0, Ry, Ro, Hy, Hy, @) and M. This will allow us to implement equation (24) together
with equations (25),(26), and (27) to generate the covariance matrices of the wage residuals

and performance ratings.
Define first the individual productivity states as §;, = (@t, ;)" where:

O = Ri

p
Eit

Note here that we let the individual chumminess term ¢!, enter as an individual state.
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The individual state evolves as

it+1 110 it i1
9it+1 = K; = 010 K + 0
Eft—&-l 00 p el Wit+1
= (I)ezt =+ 6%
dK,e?,
The vector v;;11 is therefore given by v = ( g ”>.
it

Now, the measurement equation is y;; = M¢,, + e;;. Thus, we need to define M and e;.

We assume that there is measurement error in r; but that p;; is observed without error in

Wit
Cit =
' 0

2
. . o, 0
The measurement error variance is 02 and thus E [e;e),] = ( ) .

0 O
1 00 0 0O
M=
(000101)

our data. Thus:

Next,
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Then

0200
Po: 00’%0
0O 0 O
1
Hy = |0
0
11
H, = |00
RZ70:O'0
2.0
R, = |7
0 O
110
= |01 0
0 0 p
o2 0 0
Ry = 0O 0 O
0 0 o2

This specialization of the general linear state space model represents the nested model

we estimate in this paper.
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Figure 1. Mean and Variance of Log Wages by Age

Controlling for education, race, gender, and year effects
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Mean ————- Variance (right axis)
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Figure 2: Average Performance Residual by Age
Controlling for education, race, gender, and year effects
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0.25

Figure 3: Current Log Pay as a Function of Performance Lags and
Leads
(Coeffs and 95% Cl's)
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Figure 4: Moments and 95% ClI
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Figure 5: Moments and Fits for Pure Learning, BGH
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Figure 6: Moments and Fits for Pure Productivity, BGH
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Figure 7: Moments and Fits for Combined Model, BGH
Variance of Log Pay Cor of Pay and Perf
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Productivity, Wage, and Error Variances

Full Model
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Table 1: BGH Summary Statistics

Years

Data Description

H Employees1
# Employee-years

% Male
% White

Age

Education

% HS

% Some College
% College

% Advanced

Salary2

3
Performance

Performance Distribution

1
2
3

4

1969-1988
Managers of a medium-
sized US firm in the
service sector

9373
52697

75.7%
88.8%
37.7
(7.67)

16.9%
18.0%
37.1%
27.9%

$53,332
(24209)
[n=50477]
3.15
(0.706)
[n=35856]

0.008
0.162
0.503
0.328

Notes: Parentheses contain standard deviations.
1. Sample includes all employees who can be observed

between the ages of 25 and 54, with a non-missing
education variable and a non-missing value for at least one

of the following comparisons: auto-correlation in current pay

and up to 6 year lag in pay, auto-correlation in current
performance and up to 6 year lag in performance,
correlation between current pay and up to 6 year lags or

leads in performance.

2. Salary is annual base pay, adjusted to 1988 dollars.

3. Performance is a categorical variable which we recode to
be between 1 and 4, with 4 being the highest performance.
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Table 2: Serial Correlations of Pay Changes and Previous

Log Pay Changel

Last Year Change2 0.209**
[0.00770]
2 Years Ago Change 0.154**
[0.00812]
3 Years Ago Change 0.121**
[0.00852]
4 Years Ago Change
5 Years Ago Change
Constant 0.0360** 0.00681** 0.0340**
[0.0114] [0.00151] [0.0125]
Observations 33672 26999 21737
R-squared 0.078 0.059 0.051

0.0742**
[0.00938]

0.0414**

[0.00693]

17488
0.043

0.0596**
[0.0113]
0.0418**
[0.0143]

14066
0.037

Robust standard errors in brackets, clustered by worker.
** p<0.01, * p<0.05, + p<0.1

1. Equals log pay residual in year t minus log pay residual in year t-1. Pay are

residualized by age interacted with education, race and gender and year interacted with

these variables.

2. Equals log pay residual in year t-1 minus log pay residual in year t-2.

Note: Each column presents results from a separate regression. Sample selection
criteria are based on non-missing log pay change and the specific lag change, as well as

restrictions noted in table 1.
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Table 3: Variance-Covariance Matrix of Pay Changes

(n=27,577) Log Pay Change Last Year Change 2 Years Ago Change
Log Pay Change1 0.0029

Last Year Change® 0.00068 0.0029

2 Years Ago Change 0.00051 0.00070 0.0029

1. Equals log pay residual in year t minus log pay residual in year t-1. Pay are residualized by
age interacted with education, race and gender and year interacted with these variables.
2. Equals log pay residual in year t-1 minus log pay residual in year t-2.

Note: Sample is restricted to those with non-missing values for all 3 pay changes, as well as
restrictions noted in table 1.
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Table 4: Parameter Estimates for 3 Models

Employer Learning
0.118
(0.0033)

0

0.374
(0.030)
0.653
(0.035)
0.0049
(0.00035)

0

0.643
(0.0088)
0.494
(0.074)

Productivity
0.024
(0.0028)
0.0040
(0.00026)

0

0.409
(0.015)
0.000
(0.00010)
0.000
(0.000)
0.634
(0.0072)

0

Combined
0.030
(0.0035)
0.0045
(0.00027)
0.000
(0.0031)
0.502
(0.0024)
0.000
(0.000)
0.000005
(0.00000031)
0.636
(0.0089)
0.094
(0.032)

Reported are the parameter values for the pure employer learning model (Section 3.2), the pure productivity model (Section 3.1) and combined model
(Section 3.3). The pure employer learning model and the pure productivity model are estimated imposing zero restrictions on the relevant parameters.
Standard errors are obtained by bootstrapping with 500 repetitions.
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Appendix Figure 2: Polychoric vs. Pearson Correlations
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Appendix Table 1: Probability of Exit as a Function of Pay and

Performance
I Il [
Log(salary) -0.017* -0.0010
[0.0082] [0.013]
Perf=2 -0.088* -0.116**
[0.039] [0.041]
Perf=3 -0.139** -0.163**
[0.038] [0.041]
Perf=4 -0.162** -0.189**
[0.039] [0.041]
Constant 0.167* 0.131%** 0.170
[0.085] [0.050] [0.133]
controls’ yes yes yes
Observations 21443 16444 15234
R-squared 0.185 0.165 0.169

** p<0.01, * p<0.05, + p<0.1
Standard errirs in brackets, clustered by individual.
1. Controls for gender, race, age and year fixed effects.
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